The curvature condition for the singular Hermitian metric in a generalized L 2 extension theorem on complex manifolds implies also a cohomology injectivity theorem in certain circumstances. This shows that the curvature condition is still available for the extension theorem in more general situations than before. §1. Introduction Let M be a complex manifold, let S ⊂ M be a complex analytic subset, and let E → M be a holomorphic vector bundle. An extension problem in complex analysis asks for the conditions on the triple (M, S, E) under which the restriction map from the set of holomorphic sections of E over M to that over S is surjective. It is known from a celebrated work of H. Cartan [C] that this extension problem is solvable for any pair if M is a Stein manifold. More refined extendability criterion with respect to the sections with growth conditions has been studied from various viewpoints. As for the L 2 spaces of holomorphic sections, results have been obtained in O-2, 4, 5, 6].) These are derived by exploiting a "twisted" variant of Nakano's identity and described, under natural assumptions on M for smooth S, in terms of the curvature property of (M, S, E) (cf. Theorem 4]).
§1. Introduction
Let M be a complex manifold, let S ⊂ M be a complex analytic subset, and let E → M be a holomorphic vector bundle. An extension problem in complex analysis asks for the conditions on the triple (M, S, E) under which the restriction map from the set of holomorphic sections of E over M to that over S is surjective. It is known from a celebrated work of H. Cartan [C] that this extension problem is solvable for any pair if M is a Stein manifold. More refined extendability criterion with respect to the sections with growth conditions has been studied from various viewpoints. As for the L 2 spaces of holomorphic sections, results have been obtained in [O-T] , [M] , [D-2] . (See also [O-2, 4, 5, 6] .) These are derived by exploiting a "twisted" variant of Nakano's identity and described, under natural assumptions on M for smooth S, in terms of the curvature property of (M, S, E) (cf. Theorem 4] ).
On the other hand, if the singular locus of S is nonempty, it may occur that some bounded holomorphic functions are not L 2 extendable with respect to a finite measure (cf. [D-M] ). Even the presence of an isolated singularity in S changes the situation in an essential way (cf. §4). Nevertheless, in some extension problem arising from the classification theory of algebraic varieties, the curvature condition which arose in the L 2 extension theorem is still available to give a sufficient condition for the extendability of certain cohomology classes from singular subvarieties. This can be observed, for instance, from the works of Tankeev [Tn] , Kollár [K] , Enoki [E] and Takegoshi [Tg] .
The purpose of the present article is to pursue this point by establishing the following. Theorem 1.1. 
Let M be a weakly 1-complete Kähler manifold, let (E, h) be a Hermitian holomorphic vector bundle over M , and let (L, b) be a Hermitian holomorphic line bundle over M . Suppose that the curvature forms
is contained in the closure of zero for any q. Here K M denotes the canonical line bundle of M .
Since the analytic cohomology groups of holomorphically convex manifolds are known to be Hausdorff in virtue of Grauert's direct image theorem and Remmert's reduction theorem, the following is an immediate consequence of Theorem 1.1.
Corollary 1.1.
Under the situation of Theorem 1, suppose moreover that M is holomorphically convex. Then the restriction maps
are surjective for any q. Here s −1 (0) is equipped with the structure of complex analytic space with structure sheaf
As for Theorem 1.1, a general result of this type was first established by Kollár [K] for the nonsingular projective varieties.
It was proved in [Tg] that Theorem 1.1 is true if
and L = F j (j ≥ 1) for some Nakano semipositive vector bundle E 0 and a semipositive line bundle F. Thus Theorem 1.1 strengthens Takegoshi's result by weakening the curvature assumptions.
Since the corollary is an extension theorem from divisors, it is natural to expect its generalization to higher codimensional cases. Indeed, by a similar argument we are able to prove the following Skoda type injectivity theorem (cf. [Sk] 
for some ε > 0 and that
Then the kernel of the homomorphism
is contained in the closure of zero for any q ≥ 0. 
is surjective for any q, where I(h) denotes the multiplier ideal sheaf of h.
The reader will be reffered to Remark 3 .2 and Theorem 4.1, Step 4.6] for the supplementary argument to take care of the possible irregularity of ψ. We note that Theorem 1.3 is a natural generalization of Nadel's vanishing theorem [Nd] , also in Skoda's spirit. In §4 we shall give its application to the analytic Zariski decomposition. 
forms with compact support (resp. that of E-valued (p, q)-currents) . Metrics are supposed to be C ∞ , or differentiable to any necessary order.
be the inner product of u and v defined by the integral
where u, v denotes the pointwise inner product of u and v with respect to g and h, and dV the volume form with respect to g. Then we define the L 2 norm
) be the fundamental form of g. By e(ω) we denote the exterior multiplication by ω. The adjoint of e(ω) with respect to , will be denoted by Λ. Let * be the star operator with respect to g. Then, identifying the fiber metric h naturally with a section of Hom(E, E * ), E * being the dual of the complex conjugate E of E, and letting
The curvature of h is defined as an operator by
which we identify with the exterior multiplication by a Hom (E, E) 
(E, h) and Θ h are said to be Nakano semipositive, or semipositive in the sense of Nakano, if hΘ is semipositive as a Hermitian form on the fibers of T E) and that (1) holds for any (n, q)-form if it holds for the (n, 1)-forms (cf. [S] ).
We put ϑ = − * ∂ * and define the operators ϑ h and ∂ h by (∂u, v) = (u, ϑ h v) and (∂ h u, w) = (u, ϑw), respectively. These operators are naturally extended so that they act on the spaces
Since g is Kählerian, Nakano's formula says
For any p-form θ on M , let e(θ) denote the exterior multiplication by θ from the left hand side, and let e(θ) * be the adjoint of e(θ) with respect to , .
Combining (2) with (3), for any C 2 positive function η on M one has
) be the space of square integrable Evalued (p, q)-forms with respect to g and h. Since g is complete, the equality (5) carries over to the subspace
∂∂η is Nakano semipositive and η + |∂η| is bounded. This fact, which is now classical, can be shown by approximating the form by compactly supported ones by multiplying the cut off functions of the form
, where χ is a C ∞ real valued function on R satisfying χ(t) = 1 for t < 1 and χ(t) = 0 for t > 2, and dist(x 0 , x) denotes the distance from a fixed point
Even if η + |∂η| is not bounded we have still the following, which we shall need later.
Lemma 2.1.
Suppose that η is bounded and that there exists a constant ε > 0 such that
holds everywhere. Then the equality (5) holds for all u ∈ D n,q .
Proof. Given any u ∈ D n,q , put u k = χ k u where χ k is as above. Then it is easy to verify, by using the assumption (6), that a subsequence of u k converges to u with respect to the graph norm of ∂ + ϑ h Since supp u k is compact, there exists a sequence u k,l ∈ C n,q
belongs to the domain of ϑ so that (5) also holds for u k . By (6) we have also that 2Re(e(∂η)
Hence by taking the limit of (5) for u k we obtain the conclusion.
§3. Harmonic Forms on Weakly 1-complete Kähler Manifolds
Let M be a complex manifold equipped with a plurisubharmonic exhaustion function ϕ. M is said to be
pseudoconvex manifolds are simply said to be pseudoconvex. If ϕ is allowed to have discontinuities, M is called weakly pseudoconvex. C ∞ -pseudoconvex manifolds are called weakly 1-complete. (Not so much is known about the distinction between these classes.)
In the sequel we assume for simplicity that M is a weakly 1-complete manifold, although some of the results are extended to the weakly pseudoconvex case.
Let us fix a weakly 1-complete manifold (M, ϕ) of dimension n equipped with a complete Kähler metric g. (Note that every weakly 1-complete Kähler manifold admits a complete Kähler metric (cf. [N] ). For any Hermitian holomorphic vector bundle (E, h) over M we put
Let (L, b) be a Hermitian holomorphic line bundle over M which has a nonzero holomorphic section s. We shall first describe a condition on (g, h, b) under which the inclusion sH n,q (E) ⊂ H n,q (EL) holds true, by refining the arguments of Enoki [E] and Takegoshi [Tg] . Let |s| (resp. |s| ϕ ) be the pointwise norm of s with respect to the fiber metric b (resp. be −ϕ ). Note that −∂∂ log |s| 2 = Θ b outside s −1 (0).
for 0 < ε < 1 4 . Then, under the curvature conditions that Θ h ≥ 0 and Θ h −ε 0 Id E ⊗Θ b ≥ 0 for some ε 0 > 0, one can find 0 < ε 1 < 1 4 such that
holds for 0 < ε < ε 1 . This can be shown by differentiating η (cf. [O-5] ). It is clear that η is bounded and hence (7) implies (6). In this situation we have (5) for all u ∈ D n,q (q ≥ 0) by Lemma 1. In particular, for any u ∈ H n,q (E) g,h we have, combining (5) with (7),
which immediately implies that ϑ h * (su) = 0 holds for h * = he −λ(ϕ) b for all q because η is a function of |s| λ(ϕ) .
Thus we obtain the following.
Proposition 3.1.
Let (M, ψ, g) be a weakly 1-complete Kähler manifold of dimension n, and let (E, h), (L, b), s, λ be as above. Then there exists a complete Kähler metric g * on M such that, for any
Proof of Theorem 1.1. Let λ and g * be as above, and let u be any ∂-closed E-valued (n, q)-form on M such that su =∂v for some v. Then we choose the above ν in such a way that u ∈ L n,q (E, L) ,
. Therefore Hu = 0, so that u represents a cohomology class contained in the closure of zero in
§4. Proof of Theorem 1.2
Let I and σ be as in the statement of Theorem 1.2. In order to argue as in the proof of Theorem 1.1, we first identify the sheaf cohomology group
For that, let g be a complete Kähler metric on M \ σ −1 (0) such that, for any point p ∈ M one can find a neighbourhood U of p, a Hermitian metric g U on U , and a bounded
and g = ∂∂ψ on U \ σ −1 (0). As such a metric g one may take for instance a metric of the form g+∂∂
are systems of local generators of I and {ρ α } α is a locally finite system of nonnegative C ∞ cut off functions with
Then, by the L 2 vanishing theorem of Demailly [D-1] 
(2),loc (M, E) g ,h/σ stands for the space of measurable E-valued (n, q)-forms on M \ σ −1 (0) which are square integrable on U \ σ −1 (0) for all U M with respect to g and h/σ .
Let us put
Then, similarly as in the proof of Theorem 1.1, it follows directly from the curvature assumption that
holds for any choice of C ∞ convex increasing function ν, by modifying in ad-
Therefore, if u represents an element in the kernel of
, its harmonic part must be zero for some g and ν. Therefore u must be in the closure of zero in
I). §5. Application and Some Remarks
We shall derive a relation between the curvature property of canonical bundles and the "size" of the support of the associated multiplier ideal sheaves as an application of Theorem 1.3. Finally we add some remarks on the relation of our results with the L 2 extension theory. Let I ψ be the sheaf of ideals in O M defined by
I ψ is coherent (cf. [Nd] ).
Proposition 5.1. Let L be a pseudoeffective line bundle over a weakly 1-complete manifold (M, ϕ) . Then there exists a C ∞ fiber metric b of L and a locally integrable function ψ on M such that 
does not contain any isolated point.
is surjective, whose image is zero by (iii). 
On the other hand, by Theorem 1.3 we have the surjectivity of the restriction map
In the L 2 extension theory, it is assumed that either M is a weakly pseudoconvex Kähler manifold (cf. [D-2] ) or M admits a nowhere dense subset X whose complement is Stein, such that X is locally negligible with respect to L 2 holomorphic functions (cf. [O-5] ). The latter is satisfied by a certain class of non-Kähler manifolds as Hopf manifolds C n \ {0} /Z(n ≥ 2). An analogue of Theorem 1.2 is true also in this situation. 
is contained in the closure of zero. If moreover M is holomorphically convex, then ι is injective.
The proof goes similarly as that of Theorem 1.2. Namely, if u represents an element in the kernel of the homomorphism from
we take its harmonic representative with respect to the sum of the prescribed metric on M \ X and the Levi form of some function on M \ supp(O M /I) , which is complete, and a suitable singular fiber metric of E as before. If the curvature condition is satisfied, then we change the fiber metric as before in order that we can take the harmonic part of u and conclude its nullity. Since deg u = 1, this proves that the harmonic part of u with respect to the original metric on M is also zero. (Remember that the L 2 condition for the (n, 0)-forms does not depend on the choice of the metrics on the manifolds.) We note that the following is essentially contained in the generalized L 2 extension theorem in [O-5] . 
We would like to add two remarks on L 2 extendability from singular varieties. Proof. Let Σ be the set of singular points of S contained in D. Since Σ is a finite set, one can find a constant C k , for any k ∈ N , such that for any L 2 holomorphic function f on S 0 there exists a polynomial P k satisfying
Here dist(z, Σ) denotes the euclidean distance between z and Σ. Therefore, to find a required extension f with the L 2 norm controle, one has only to apply the L 2 extension theorem of [O-5] for f (z)−P k (z) by choosing a sufficiently large k independently of f . 
